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Normalizing Flow

Basics

Change of variable rule : Change of variables, change of volume, In mathematics, a change of variables is
a basic technique used to simplify problems in which the original variables are replaced with functions of
other variables.

— TSR
BEXBMUniform(0,1)5%, ZRBY = f(X) = 2X +1, UXSYMHRBHINT, HERRE, X
RS T,
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Planar Flow
ErETEN RS TR, ERTRESER, METRE:
f(2) = z+ ph(w? - 2z +b)

where 1, w and b are trainable parameters, h() is element-wise non-linear transform.
logdet-Jacobian517%1={, (EFmatrix determinant lemma) :

5 w(z):h’(wT-z+b)-w
det 51| = Jdet(T + - (2))| = 11+ 7 - (2)

Radial Flow

AR RS TTR, ERTEEER, BETRESTI:
f(z) =z4B-hla,r)-(z —201)

wherer = |z — zy|, h(a,r) =

9 a—+r
|det8—£| = [1+8-h(a, )" '[1+ B h(er,r) + B - h (a,r) - 7]

Variational Inference with Normalizing Flows
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Uniform

Figure I. Effect of normalizing flow on two distributions.

Summary

o Planar and radial flows are suitable for low-dimension issues
¢ |tis hard to compute Inverse matrix and Jacobian determinant.

Coupling Flow

Bigz € RP, I, LBRP S REERsy, I € ]R(l’d), I, € RE@+LD) misa coupling function defined on

ng:'mplain < &I, Tkey < LI, and Ycipher < YL, Ykey < YI,

Ykey

Lplain LLey

Figure 2: Computational graph of a coupling layer
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General coupling layer
Define y = (y1,, Y1, ), where:

yn = T
Yy, = g(wfz;m(xh))

Coupling raw((E&RL)
g: R(d+1,D) % m(R(l’d)) - R(d-ﬁ-l,D)

NFE4S EgdA9Jacobian determinant:

P Oyn  Oyn I; 0
8_y = lgzg gig] = [63;12 (93/_12] ,which is a block triangular matriz
r Oz, Oy, Ozy Oz,
0 Iq 0 0 0 0
det 50 = det | om,  ow, | = |1l | 5| = | 52| = det 2"
ox m % 8%[2 8%[2 81‘[2

Inverted mapping is

T = Yn
zr, =9 (yn;myn)) = g (yn;m(zr,))

Coupling function/transformer maJIAE(EESLId — (D — d)#sgd(m : RO — REFLD)agsss G
Deep Neural Network.

Different coupling transformer
Additive Coupling transformer
Defined as g(a;b) = a + b, where a = 1, and b = m(zy,)

hence, mapping function and Jacobian matrix are

Inverted mapping is

L = YL
L, =YL — m(yf1)



Multiplicative coupling transformer
Defined as g(a;b) = a o b, where a = z, and b = m(zy,),b # 0
Affine coupling transformer

https://paperswithcode.com/method/affine-coupling

Defined as g(a;b) = a o by, + by,, where a = 1, and by, # 0, m : R4 — REFLD) 5 RE+1.D)
Non-affine neural transformer

Defined as g(a;; b;) = wio + Zszl wiro (Qira; + br.)

Integration-based transformer

Defined as g(a;; b;) = [;" h(a;w;)da + b;

Neural spline flows

A7 mfRIntegration-based transformerA~Z3Ki1¥, NSF{ERK N EREREUE transformer

Coupling Flows
1®id combining multiple coupling layers,#&#Zcoupling flows, SCINESZYAYMET,

X FiEd iR Jacobian, IEBEEITERE=ELA E/Ycoupling layer, BILAMRIEENMEEEIEEMERITH, BESF
FBE.

AJLAReal-NVPHfJalternative pattern

Summary

« ltis easy to compute inverted mapping and Jacobian determinant (R (St 2548, (HENMEIERS
)

o TJLAFRR{ERRYZHA/EOBRETERZEL, BIGN{EFICNN, ES4E=SEKAER

o SCHNELE TR

Autoregressive Flows

Basics

EFCoupling flowd9E#E, HZcoupling raw, Coupling function/transformer m is called Conditioner in
autoregressive flows.

1. R33zit 709>, autoregressive flowssh, BTz, y, 5IANB—Ninput, m(zy,) — Conditioner(input)
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P($i|$1:i—1) = N($i|m, (eﬂfpaz')z)
pi = fui(T1i1)
a; = fai(mlzifl)

Real-NVP(non-volume preserving)
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Y
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(a) Forward propagation (b) Inverse propagation

Refered to affine coupling layer, mapping function and inverse in Real-NVP is defined as
Y1:d = T1d
Ya+1:0 = Tqr1:D © €xP(8(T1q4)) + t(z1a) (1)

=
L1:d = Y1.d
Ld+1:D = (yd+1:D - t(xlzd)) 0 ewp(_s(ylzd)) (2)

eg.deduction of (2) from (1):

Ya+1:0 — t(T1.4)
exp(s(z1.q))
Tii1:0 = (Yar1:0 — t(T1.4)) © €xp(—8(Y1:a))

Yd+1:D — t(331:d) = Zd+1:D © €$P(3(331:d)) — Td+1:D —

where s and t stand for scale(c) and translation(u), and are function from R4 — RP~4 and o is the element-
wise product. Computing the inverse is no more complex than the forward propagation.

The Jacobian of this transformation is

Oy I 0 la 0
- — 1s] : 0 : — 0 : y
oo = | | T | doteapltena)



https://arxiv.org/pdf/1605.08803.pdf

where diag(exp[s(z1.q4)]) is the diagonal matrix whose diagonal elements correspond to the vector
exp|s(x1.q4)]. Hence the Jacobian determinant is H?Zl exp(s(z;)) = exp>i-1 *(%) which does not involve
computing the Jacobian of s or t. Hence s and ¢ can be very complex, eg. deep convolutional neural network.
Computing the inverse of the coupling layer does not require computing the inverse of s or t either, so these
functions can be arbitrarily complex and difficult to invert.

@& fEFBinary mask b kS EIRPEIFENSE), TEE Y mask b, fign

o spatial checkerboard pattern mask: it equals 1 while the sum of spatial coordinates is odd, and O otherwise.
¢ channel-wise mask: it equals 1 for the first half of the channel dimensions and 0 for the second half.

Mapping functional &Rz A: y =boxz + (1 —b) o (zoexp(s(box)) +t(box))

O >
S

(a) In this alternating pattern, units which remain identical in one
transformation are modified in the next.

HiEEZ Ecoupling layerfid:
first layer : zp = fo(z4)
second layer : y = fi(zp) = fio( fa(za)).

Inverse and Jacobian determinantikAB_Zi+E, UFEBANT:

Oy folmy)  folms) @ folzy) fa(a)

8zT ~— 92T ~ 9zl 8zl 0« Oal
ay . fb(xb) fa(xa) o fb(xb) fa(xa)
det 9T ~ det| o7 0aT | det 9T det 5T

Lemma: (fyo f.) '=f 1o fb_l
T Ofb_l(y)

ZNEEHEERRautoregressive flowiRzR, NMAFEGS S, 1B RBIEME.



Masked Autoencoder for Distribution Estimation (MADE)

IAF(Inverse Autoregressive Flow)

Z{IReal-NVPHJautoregressive flowfJsamplingidi&/0: E5chEtlsample—MgREe ~ N (0, I) EHXINAZTE
Xy = po + 090 €y, Hi > 1R, x; = pi(z1-1) + 05(14-1) - €, TiEFIT, sampleiRERIE.,

IAFftitflowidF2, IREREEERE, 1§ X reparameterization: z; = p;(z14-1) + 0i(21:5-1) - 2i, HFz ~
q(z) B, MK S Z BRI 11, FUETLAHHTHREE. (BfEinferencelt, HBESHz;, FEERE2 =
Wi + o o z;_1,EIIERIE,

I U1 T Y1
I3 Y3 T3 Y3
Ln YUn In Yn

MAF(masked autoregressive flow)

MAF is mainly pplied to density estimation task, JlI&kiR, EHFIE.

Parallel-Wavenet

BERHRESVIGMRIFRE, EMAFFIIAFRISES : FBMAF{E/gteacher model, RFIGEIREDHIVERER,;
FHIAF{Egstudent model, ThAEEERZAYsample,

Z{LlKnowledge distillationdJ75i%, TIEES LBIS TRIFAERE, BRTRRIE T EBIESEHNEE.

Glow(Generative Flow)
SIAENERIL X 168, EENATEGRER

WaveGlow and FloWavenet

EEEEM BRI
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Residual Flows
FTENA: 9IS

RevNet

A variant of ResNets where each layer's activations can be reconstructed exactly from the next layer's.
Therefore, the activations for most layers need not be stored in memory during backpropagation.

(a) %

Figure 2: (a) the forward, and (b) the reverse computations of a residual block, as in Equation 8.
Each reversible block takes input (z; € R, 25 € RP~9), output (y; € R, yo € RP~?), and functions
F():RY - RP4 G(.): RP4 5 R?,

Transformation and inverse:

Y1.d = 1.4 + F(24:1.0)
Ya+1:0 = Ti+1.0 + G(y1.4)

=
Zi+1:0 = Yi+1:0 — G(Y1.4)
1.4 = Y1:d — F(x4+1.0) = Y1:a — F(Yar1.0 — G(Y1:0))

But computation of the Jacobian determinant is inefficient, the Jacobian determinant is not triangular matrix:

R
a:vD—d
anyd 8yD7d

Oxd OzD—d

iIResNet

Proposition of residual connection: A residual connection is invertible, if the Lipschitz constant of the residual
block is Lip(F') < 1.

¢ Adding a simple normalization step during training, ensures Lip(F) <1
¢ Introduce a tractable approximation to the Jacobian log-determinant of a residual block.
» Define a generative model which can be trained by maximum likelihood on unlabeled data.

Infinitesimal Flows

Using Hutchinson's trace estimator to give a scalable unbiased estimate of the log-density. The result is a
continuous-time invertible generative model with unbiased density estimation and one-pass sampling, while


https://arxiv.org/pdf/1707.04585.pdf
http://proceedings.mlr.press/v97/behrmann19a/behrmann19a.pdf
https://arxiv.org/pdf/1810.01367.pdf

allowing unrestricted neural network architectures. We demonstrate our approach on high-dimensional density
estimation, image generation, and variational inference, achieving the state-of-the-art among exact
likelihood methods with efficient sampling.

Appendix
KLEE

Kullback-Leiblerg{E (Kullback-Leibler divergence) , NFRAMEXHE (relative entropy) , EF/MIERS T
(probability distribution) [BZERRIIENFRMEESR; EESECH, EXHESEN TR MIRSHBIEEME
(Shannon entropy) BIZE(E.

AR — S EE, BINEAHAZEE L (Expectation-Maximization algorithm, EM) HBUIRKLEREL. LRISS
HEN—MIRSHAIELS T, 5— 1AL (UE) 7%, EERNEREISS NGRS i F=4ER
EII&:\?A*% °

& (entropy) RERICHEEREREERNM, MERIHIMBENS:

N
- ZP(%) - logp(w;)

i—1

HEXHEE X A E R X MANE SRS IBNEE, BMRIR () AURIRSEFMERS T, q(x:) FILERS
fmAkip(z;), NWp, qERIKLEE S :

DKL PH(] Zp m, logp :cz) logq(a;i)) — Zp(wl) ) logp(mi)

LABBEERI R R /9
Dkr(pllg) = Epyy)llogp(z) — logg(z)]

o FEXIERENHRE, B DkL(pllg) = 2op-log? # Dkr(qllp) = > q - logl
. EAEATETS, HEREp(z) = q(o)RE2/7, Dk (p|lg) > 0, ERIIT:

UERA:

IRSCE% FRORELf (o) B— N EREE, B f (z)dz = 1; g(.)RESAISERE, YHORE, WRE
Jensen &) ([*_g(z) f(z)dz) < [ (g(z)) - f(z)d;

ERIKLEE Dicr (pllg), 2 (2) = —In(z) < DEREL, f(z) = p(x), g(2) = 43, fEAJensenTst
H:


https://baike.baidu.com/item/%E4%BF%A1%E6%81%AF%E7%86%B5/7302318
https://baike.baidu.com/item/%E6%9C%80%E5%A4%A7%E6%9C%9F%E6%9C%9B%E7%AE%97%E6%B3%95/10180861

Dkr(pllq) = /p(x) . (—log[m])da: > —log(/ q(x)dz) =0

p(z)

BBR&p(x) = q(x)id, NABENz, FSAHIL.

Probability distribution & Probability density function

In probability theory and statistics, a probability distribution is the mathematical function that gives the
probabilities of occurrence of different possible outcomes for an experiment. It is a mathematical description of a
random phenomenon in terms of its sample space and the probabilities of events. For instance, if X is used to
denote the outcome of a coin toss ("the experiment"), then the probability distribution of X would take the value
0.5 for X = heads, and 0.5 for X = tails (assuming that the coin is fair).

Continuous probability distributions can be described in several ways. The probability density function describes
the infinitesimal probability of any given value, and the probability that the outcome lies in a given interval can be
computed by integrating the probability density function over that interval.

Probability density function of standard gaussian distribution is as follows:

0.4

0.3

34.1%4 34.1%

0.2

0.0 0.1

SHIFEHDH

BgNETRX = (21,22, ..., T,) BEIDT, WSHTROPERSHEERN:

PX) = o ey eepl g (0w (D)7 (X )

HebpJa9E, Y AthisEsERE:

cov(xy,z1) cov(zy,x2) ... cov(xy,xy)
Z _ |ecov(zg, 1) cov(za,x2) ... cov(xe,my)
cov(xy, 1) cov(xy,T3) ... cov(zy,,)

cov(z;, ;) = El(z; — E(x:))(z; — E(z;))] = E(; - z;) — E(z:) - E(x;)



0 otherwise

MEBWRMREESHHN (0, 1), 3 = I, [ 30| = 1, EUBRSTRERAETRELS:

St RS, (e, a)) = { () 07T 5~ triangular o (z,); 5

1 1
p(X) = o~ -exp[—5 - X" - X]
2m>2 1 2 n
In(p(X)) = —§XTX — §ln(27r)

PLU decomposition

pertumation matrix & lower triangular & row echelon form

01 2 1 2 1 0 0 0]t o0 01
1 00 0 1 01 0 0[]0 1 2 1 2
A=19 1 91 5| = Pe2Bea |y 5 1 ol o 0 0 1 1
1 2 4 3 6 2 1 0 1/]/0 0 0 0 1
IETEE[E
IEERFHIESE:

o IBFREFRE: IFEFRITIXEBRFS
o MFFEF: ELBFFE, nARE, A, Ag, ...
o fTHIXENTE, faxE
o ¥IFTE: BXKTFE (eg. A22) , FRNTFE
o ¥ME: BKNFE, FAKTE
o FHHEE

o« EBXE
eg.
1 —0.5
f(z,y) = 2* —zy + 9, B A =1, [Ag| =2
0.5 1
eg.

0.5 0

—_— > . 2 2 _ — —
BAITREL: L: 92° +4y” + 18z + 16y — 11 =0, f8FA (0 0.333

KLIETTX = AX + BTAHESTE?
(05 0 [z 05\ [ 05z+0.5
AX+B= ( 0 0.333) (y) i (0.666> - (0.333y+0.666) :

m:05$—|—05—)3}:2m_1 - > (=PA=| 2 2 = [ S 2 2
7'_‘ - : + — 1, ,;f N e + — 1
n = 0.333y + 0.666 — y = 3n — 2 ANHZLGES :m’ +n B AN 2° +y

) , B=(0.50.666)",

PAN


https://www.youtube.com/watch?v=E3cCRcdFGmE

B EREY

rS5yFRrnETE, f(.)REERBRYREs

Jacobian Matrix

IRY=F(X), FAAEEHR

[ dyl | [ dxl ]
dy2 dx2
_dy | dy3 | _ dx3
'] — dm’ . - J(01792a 7971) .
dyn—l dwn—l
i dyn, i | dz,, i
[ dxl [ dyl ]
dx2 dy2
_ dxr | dz3 _ dy3
Jl= i a’ — J (64,0, ...,0,) y
dz,_1 dyn—1
i d$n ] | dyn |
55Ut
1. |AB| = |A||B|
2 |[I| =1

MRS: det(AA™') =detl =1, EitdetA ! = 1

#E4: det(A - B) = det(A)det(B)

1A%E0E
SIFnIEERFA, BE— b 4EMEBHSAB=BA=I, MIFRARNY, BAARGEER, ichA ' =B

ik MZiFasmk(A|ll) — (IJA7Y)

eg.
2 3 3100 110010
AH=[1 100 1 0]=(23 310 0]=
2 2 100 1 2 2 100 1



1 1 0 0 0 -1 -3 3 -1 -3 3
0 1 3 1 0 1 4 -3],A'=|1 4 -3
0 0 1 01 0 -2 1 0 -2 1

o= O
[ -
N DN
- O
S SN——
I
OO =

Lipschitz continuity

FEREETR, SBIRTHHT, FIBFRTES: (Lipschitz continuity) LUEESSFREEX FIBRRAE, B—MUE
HESEENYCBIESM, BN, FIEAERT SR T BN ENEE, AT RS ORSRR
%, WNF—MRIRIESRRES (Lipschitz Constant) HISE (ZHEUIKRETIE) .

Likelihood-free inference

On the machine learning side: In machine learning, you usually try to maximize p(y|a:) where x is the target,
and y is the input (for example,  could be some random noise, and y would be an image). Now, how do we
optimize this? A common way to do it, is to assume, that p(y|z) ~ N (y|u(z), o). If we assume this, it leads to
the mean squared error. Note, we assumed as form for p(y|x). However, if we don't assume any certain
distribution, it is called likelihood-free learning.

Why do GANSs fall under this? Well, the Loss function is a neural network, and this neural network is not fixed,
but learned jointly. Therefore, we dont assume any form anymore (except, that p(y|x)p(y|x) falls in the family of
distributions, that can be represented by the discriminator, but for theory sake we say it is a universal function
approximator anyway).


https://arxiv.org/abs/0807.2767

